Abstract. Determining when two knots are equivalent (more precisely isotopic) is a fundamental problem in topology. Here we formulate this problem in terms of Predicate Calculus, using the formulation of knots in terms of braids and some basic topological results.
Introduction
A (tame) knot is a smooth embedding of the circle S 1 into 3-dimensional Euclidean space R 3 , or equivalently the 3-sphere S 3 (which is viewed as R 3 with an additional point at infinity). We say that two knots are isotopic if one can be deformed into the other through smooth embeddings (we give a more precise definition in Section 2. Determining when two knots are equivalent is a fundamental problem in topology.
The goal of this paper is to translate this topological problem into a problem in predicate calculus. We shall in fact formulate the problem of stable equivalence of links, which generalises knot equivalence, in terms of predicate calculus. Our formulation is based on the representation of knots in terms of braids.
We give the definitions on knots, links and stable equivalence in Section 2. We then state the axiom system for stable equivalence of links in Section 3. We then recall the formulation of knot theory in algebraic terms via Braids in Section 4. We reformulate this to give a concise description of stable equivalence of links in Section 5. This allows us to prove that our axiom system describes knot theory in Section 6. Finally, we give the topological background concerning braids and knots in an Appendix (the paper can be read without this).
Knots, Links and stable equivalence
We begin by recalling some basic definitions. We shall assume that all knots and links are smooth to exclude wild knots. Definition 2.1. A knot K is defined as the image of a smooth, injective map h : S 1 → S 3 so that h (θ) = 0 for all θ ∈ S 1 .
Definition 2.2. A link L ⊂ S
3 is a smooth 1-dimensional submanifold of S 3 such that each component of L is a knot and there are only finitely many components.
We shall regard two links as the same if there is an ambient isotopy between them, which is defined as follows. 
This gives an equivalence relation by the following well-known theorem. To give a description of knot theory in terms of predicate calculus, we introduce another equivalence relation on links which we call stable equivalence. Definition 2.5. A link L is said to be a stabilisation of a link L if the following conditions hold.
( It is easy to see that ≡ is an equivalence relation. The following result follows from the prime decomposition theorem of Knesser-Milnor (see, for example, [3] ).
Theorem 2.7. If K 1 and K 2 are knots (regarded as links), then
We shall denote by L the set of equivalence classes of links up to stable equivalence and by L the set of ambient isotopy classes of links. Thus L is a quotient of L.
Axioms in First Order Logic
In this section, we list a set of axioms which enable us to describe stable equivalence of links in terms of first order logic with equality. In later sections we will further substantiate on why these axioms suffice. Consider a language with signature (·, T, ≡, 1, σ,σ) such that · is a 2-function , T is a 1-function, ≡ is a 2-predicate, while 1, σ andσ are constants. The system of axioms for the infinite braid group in this language are the following.
• Group Axioms (for the set of closed terms)
Any model of these axioms will be referred to as a link model and the axioms will be referred to as link axioms.
Algebraic Formulation of knot theory
In this section, we recall the algebraic formulation of knots in terms of Braids. We first recall the definition of braid groups.
Definition 4.1. The braid group B n is the group generated by σ 1 , σ 2 , . . . , σ n−1 with the relations (1)
Note that for m < n, there is a natural inclusion homomorphism i m from B m to B n mapping a generator σ i of B m to the generator σ i of B n . We can thus identify elements in B m with elements in B n . From now we shall refer to elements of n∈N\{1} B n as braids.
Given an integer m > 1, we associate a diagram to every generator of the braid group B m , as in the following diagram. To formulate knot theory in terms of braids, we also need to know when two braids correspond to the same link. To state the result of Markov giving such a characterisation, consider the equivalence relation ∼ on the set B generated by
The relation ∼ on the set B is called the Markov equivalence. The first move corresponds to inserting a braid and its inverse below and above an existing braid respectively. The second corresponds to adding a strand to the right of existing braid in such a way that it crosses the strand previously at the extreme right, below the braid. When viewed from the other side of the plane of the braid it corresponds to shifting the braid to the right by a position, inserting a strand in the first position in such a way that it crosses the strand in second position below the braid.
Thus the second and third Markov moves, could be rewritten to give us the following theorem.
Theorem 4.5. The equivalence relation ∼ = generated by the relations To state and equivalent condition for stable equivalence of links, consider the equivalence relation ≈ on B generated by
Lemma 4.7. Two links are stably equivalent if and only if given λ(
follows from the Markov's Theorem and Remark 4.3. For the converse, let l 1 and l 2 be two links stably equivalent to each other, such that λ(b 1 , m 1 ) = l 1 and λ(b 2 , m 2 ) = l 2 . It is easy to see that, for some
we can in fact take one of k 1 and k 2 to be 0). Then by Markov's theorem, (
Stable links and Infinite braids
In the previous section, we recalled the well known formulation of knot theory in terms of braid groups. However, to formulate in terms of predicate calculus, we shall reformulate this in terms of a single braid group B ∞ . We shall do this by replacing the usual formulation of Markov's theorem by its mirror, which is Theorem 4.5 above.
Definition 5.1. The braid group B ∞ is the group generated by the set {σ i } i∈N with the relations (1)
Note that each braid group B n can be regarded as a subset of B ∞ . Observe that there is an injective homomorphism T : B ∞ → B ∞ , which we call the shift, determined by
Thus, the translates of σ by the semi-group generated by T generate B ∞ .
Consider the equivalence relation ≡ on the group B ∞ generated by
We formulate stable equivalence of links in terms of B ∞ .
Theorem 5.2. There is a surjective function Λ : B ∞ → L so that, for braids
Proof. We begin by constructing the function Λ. For each n > 1, there is a homomorphism f n : B n → B ∞ determined by f n (σ i ) = σ i . The function is well defined because the braid relations are preserved in B ∞ . These functions determine a function
By lemma 4.7 , the links λ(b, m 1 ) and λ(b, m 2 ) are stably equivalent for m 1 and m 2 such that b ∈ B m1 and b ∈ B m2 . Thus λ and f induce a function
The fact that the map is surjective follows from Alexander's Theorem. Now we prove that Λ(
Lemma 4.7 implies that for any x ∈ f −1 (b 1 ) and y ∈ f −1 (b 2 ), x ≈ y. In order to prove that Λ(b 1 ) = Λ(b 2 ) =⇒ b 1 ≡ b 2 , it suffices to prove that for x, y ∈ B, x ≈ y =⇒ f (x) ≡ f (y). In terms of the generating set of the relation (≈), it translates to proving the following 
Knots as a canonical model
From the above we know that equivalence between links can be established by checking if the corresponding elements in the braid group are related by a sequence of moves on B ∞ induced by the equivalence relation ≡. Now we prove that the braid group is the canonical model for the link axioms and thus any model for these axioms can be used to distinguish knots. , where i k ∈ N and k is 1 or -1. This leads us to the following equality
From the definition of B ∞ , we know that σ i and σ j commute with respect to the product operation if |i − j| ≥ 2. This implies that for i k ∈ N,
which further implies that
. Since b was an arbitrarily chosen element of B ∞ , it follows that
Definition 6.2 (Canonical Model). For any signature L and a set of sentences T in the language L, a structure A is said to be a canonical model if
• A |= T • Every element of A is of the form t A , where t is a closed term of L.
• If B is an L-structure and B |= T, there is a unique homomorphism of structures f : A → B.
Now we prove that (B
) is a canonical model for the link axioms. In order to do so, consider a model of the link axioms (S, T 1 , * , ≡ , 1 , σ 1 ,σ 1 ) and a map f : B ∞ → S such that
The last condition suffices to extend the function to B ∞ using the image on the generating set. However it remains to be proved that it is well defined.
Lemma 6.3. The map f : B ∞ → S is well defined.
Proof. In order to prove that the map is well defined, it suffices to prove that
is a model of the link axioms,
Consider two arbitrarily chosen natural numbers i and j such that
(σ 1 ) for b we get,
Which further leads to the equality,
From the homomorphism action we get, (1) holds. From the first braid axiom it follows that,
1 is a homomorphism. By applying T i 1 to the both the sides of the above equation,
Thus f is well defined. 
In order to prove that f is a homomorphism of models, it now suffices to prove that if two elements are related by any of the generating relations of the stable equivalence, then their images under f are related to each other. Since (S, T 1 , * , ≡ , 1, σ 1 ,σ 1 ) satisfies the Markov move axioms and f preserves multiplication and identity,
From the equality it follows that
)) The uniqueness of f remains to be proved. Any homomorphism g between the given models maps σ 1 to σ 1 and has to satisfy the condition g
) for every i ∈ N. Thus for any given homomorphism g and any given i ∈ N, image of g(σ i ) is T i 1 (f (σ 1 )). Since the elements of the set {σ i } i∈N generate B ∞ , it follows that g = f .
Appendix: Topological background 6.1. Knots and Braids. In order to understand how the above axioms constitute a model of the knots, we introduce the following conceptual apparatus through which knots can be reduced to braid groups. and 'squeezing' the resultant diagram into R × I, i.e., (x, t)→(x, t/2). It is easy to see that the product is well defined and the braid diagram e = ∪ n k=1 {(k, t)|t ∈ [0, 1]}, is the identity. The product is associative because any element of the form (a * b) * c can be isotoped to a * (b * c) through a continuous map defined as follows.
To define a map from Braid Group B n to the set of n-braid diagrams B n upto isotopy, we define an equivalence relation on B n generated by a set of moves called the reidemeister moves. Two distinct braid diagrams are said to be R-equivalent if they are related to each other by a sequence of Reidemeister moves.
Observe that if there exist braid diagrams a, b, c and d such that a is R-equivalent to c and b is R-equivalent to d, a * b is R-equivalent to c * d. It follows that the product * on B n , the isotopy classes of braid diagrams upto R-equivalence, is well defined and B n is a monoid. Consider the braid diagrams σ The maps φ 1n : B n → B n such that φ 1n (σ i ) = σ i , are well defined because the first axiom of braid groups corresponds to isotopy of braid diagrams and the second axiom corresponds to the second Reidemeister move. The following result says that it is an isomorphism of groups.
Theorem 6.9. φ 1n is an isomorphism of groups.
To construct Links from braid diagrams, we define the following set of objects in R 2 × I called Geometric Braids.
Definition 6.10 (Geometric Braids). A geometric braid on n ≥ 2 strings is a set b ⊂ R 2 × I formed by the n disjoint topological intervals called the strings of b, such that (1) π 3 : R 2 × I → I ,i.e., the projection onto I, maps each string homeomorphically onto I.
Two geometric braids b and b are said to be isotopic if there is a continuous map,
is an embedding, whose image is a geometric braid on n strings. Theorem 6.11. F extends to an isotopy of R 2 × I which is identity on boundaries.
The map i : R × I − R 2 × I given by i(x, t) = (x, 0, t) embeds braid diagrams in R 2 × I. Pushing the undergoing strand in a small neighbourhood of every crossing into R × (0, ∞) × I by appropriately increasing the second co-ordinate of the strand while keeping the first and third constant, one obtains a geometric n-braid. Observe that the geometric braids constructed from isotopic braid diagrams are isotopic.
The above construction induces a map φ 2n from the isotopy classes of n-braid diagrams to B n , the set of geometric n-braids upto isotopy. Projecting a geometric braid onto its first and third co-ordinates and marking the intersecting strand with greater value of the second co-ordinate in a neighbourhood of intersection as undercrossing and the other as overcrossing in the neighbourhood, we obtain a braid diagram. The image of this braid diagram under φ 2n is isotopic to the original geometric braid. Thus the map φ 2n is surjective.
The following theorem makes explicit the relationship between braid diagrams and geometric braids. induces a well defined map from geometric n-braids to isotopic classes of Links. The map φ : B → L obtained by composition of the above maps, φ(b, n) = φ 3n • φ 2n • φ 1n + (b), assigns an isotopy class of links to each braid which could be labelled as 'closing the braid'. Markov's Theorem and Alexander's Theorem can thus be reformulated in terms of φ.
Theorem 6.14 (Alexander). φ is surjective. 
